One-mirror Fabry-Perot and one-slit Young interferometry 
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We describe a new and distinctive interferometry in wliicli a probe particle scatters ofF a super- 
position of locations of a single free target particle. In one dimension, probe particles incident on 
superposed locations of a single "mirror" can interfere as if in a Fabry-Perot interferometer; in two 
dimensions, probe particles scattering off superposed locations of a single "slit" can interfere as if in 
a two-slit Young interferometer. The condition for interference is loss of orthogonality of the target 
states and reduces, in simple examples, to transfer of orthogonality from target to probe states. We 
analyze experimental parameters and conditions necessary for interference to be observed. 
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The two-slit interference experiment contains a mys- 
tery of quantum theory, and Feynman even stated that 
"it contains the only mystery" Whether or not we 
accept Feynman's statement, we can easily accept the 
importance of the two-slit experiment and its generaliza- 
tions to quantum theory. Let us consider a particularly 
"quantum" generalization of the two-slit experiment: in- 
stead of two slits for the interfering quanta, the exper- 
iment contains a single free "quantum slit" (or a single 
Fabry-Perot (FP) mirror) in a superposition of two lo- 
cations. Can scattering from such a superposition show 
quantum interference? Cohen- Tannoudji et al. 0| an- 
swered this question Q in the negative, with an assump- 
tion that is justified in specific experimental settings. But 
the advent of new experimental settings, such as one- 
and two-dimensional potentials on the Atom Chip Q and 
highly controlled atom optics, lead us to reconsider the 
question. Here we derive a general condition for quanta 
impinging on a superposition of target locations to in- 
terfere, and describe the experimental conditions for this 
distinctive quantum interference to be observed. 

To specify the experimental setting, we replace the FP 
mirrors, or the slits in the Young double-slit experiment, 
with a single quantum target: a scattering center, i.e. 
an ultracold atom, in a superposition of orthogonal po- 
sition states. Both the probe and the target are free. 
We confine the target to move in one dimension (i.e. in 
a tight atomic guide). In the first example below, both 
the probe and target are one-dimensional, and the su- 
perposed locations of the target form a one-dimensional, 
one-mirror FP interferometer. In the second example, 
the probe moves in a plane containing the target axis and 
scatters in two dimensions off the superposed locations of 
the target, which form a double-slit interferometer made 
of a single slit. 

Let the initial target wave function (^^(X) be a su- 
perposition of wave packets separated by a distance d, 



^„(X) = -^[^L(X)+e-^^(X)] 



(1) 



convenience. The wave packets have support in regions 
smaller than d/2. Such a wave function may be engi- 
neered by growing a barrier in the middle of a harmonic 
oscillator trap, so as to form a double well in the free 
dimension of the target, and then by quickly shutting off 
this trap. 

How should quantum interference show up in scatter- 
ing from a superposition of locations? An operational 
definition is essential. No local measurement on (^^(X) 
or (pij(X) alone can yield a, the relative phase of the 
wave packets; no probe particle interacting with a tar- 
get at one of its locations, but not both^ can provide any 
information about a. Hence, dependence on a in the 
final state of the probe is a sure signal of interference be- 
tween paths of the probe scattering from the two target 
locations. Since ipa(X.) = [1 
Fourier transform (^^(P) of ipa(X.) is 



g^a+v.d]^^(X)/^/2, the 



^„(P) = [l + e^"+'^P-'i/'']^L(P)/x/2 



(2) 



and shows peaks in P • d/d separated hy h/d. A change 
in a shifts the peaks, i.e. changes the moditZar momentum 
defined as P • d/rf modulo h/d. We will see how a can 
show up in the final momentum distribution of the probe 
particles. 

In the case that a probe and target have initial mo- 
menta p*" and P*" , respectively, the initial overall state 
I'^in) of the probe and target is 



(3) 

In Eq. and below, the first ket in any tensor product 
refers to the probe and the second ket refers to the target. 



The state |p' 



can scatter to a state |p 
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We let S'(p™,p/";P") denote the 
amplitude of the transition. Then the overall final state 

l*/m> is 



where we take (^^(X) — (p^pL — d) = (pLpC) for 



J d^p/^y d3pm <^„(P"')S'(p™,p^™;P™) |p^™) 
I -pin I f-.'in / inx 



(4) 
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Cohen- Tannoudji et al. g considered the hmit in which 
^(p™, p-''™; P™) is independent of P™, a limit appro- 
priate to photons scattering off a heavy atom. With this 
assumption, the overall final state |^'/m) reduces to 



I* 



fin) 



d^X ^„(X) |x(X))®|X) 



(5) 



where |x(X)) is a probe (photon) state that depends on 
the location of the target. They showed that there can 
be no interference between photon states entangled with 
the two locations of the target, because the target states 
remain orthogonal and collapse the superposition. Thus 
if the scattering matrix does not depend on P*", there 
can be no interference. 

But if the scattering matrix depends on P"\ there can 
be interference in the final momentum distribution of the 
probe. We now illustrate such interference in a simple 
one-dimensional model 0. Scattering in this model is 
elastic and the scattering matrix is determined — up to an 
overall coupling constant e — by (nonrelativistic) energy 
and momentum conservation. Let m and M denote the 
masses of the probe and target, respectively; apart from 
their interaction, they are free. The initial state is the 
onc-dimcnsional version of Eqs. H1I3() . The final state is 
the one-dimensional version of Eq. Q except that p-^™ 
is determined by and P*" : 



2m 



M- 



M 



M 



(6) 



Thus the scattered part of the final state is 



IP*' 



P 



/") , (7) 



and the probability that the probe scatters with a partic- 
ular momentum p-''™ is proportional to \ifa{P™)\^ , where 
PI'' is the value of P*" that solves Eq. ©: 



prob(}3-^^") 

,M -I- TO 



2to 
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2m 



J H 



2m 



-P 



.(8) 



Eq. ijHJl shows that the momentum distribution of the 
scattered probe reproduces the momentum distribution 
of the target, only shifted by (M — m)p™ /2m and scaled 
by {M + m)/2m; and from Eq. (0), \(pa{P)\'^ equals 
[1 + cos{Pd/fi 4- q)]|(Pl(P)P, where (pl{P) is broad com- 
pared to Ti/d because lpl{X) is narrow compared to d. 
The distribution of p^"'' depends on a, as claimed. 

In any realistic experiment, the incident probe state 
has a momentum spread Ap*" > 0. To model this spread 
we fold prob(p-^*") in Eq. ^ with a distribution g{p'^): 



-(p"--{p'"))V2(Ap-)^ 



(9) 



Folding prob(p-''™) with g{p"'') (i.e. summing probabili- 
ties rather than amplitudes) is allowed because we trace 



(2) , pin pin ^ 
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FIG. 1: (a-b) One-dimensional model: (a) A probe (in 
black) approaches a target (in gray) superposed at locations 
X — ±d/2 with relative phase a. (b) The probe and target 
after scattering, (c-d) Two-dimensional model: (c) A probe 
wave packet, with incident angle and momentum p'", ap- 
proaches a stationary target superposed at X = ±d/2. (d) If 
the target scatters with momentum P^'" = Mp'"/m cos 6'"', 
the orthogonality of the target states is transferred to the 
probe. 



over the final target state and no two values of p"' cor- 
respond to the same p-''™ and p/™ (i.e. no two val- 
ues of p*" interfere in the same final state). To estimate 
the visibility of interference fringes, we can approximate 
|<^a(P*")P by 1 + cos{P™d/h + a) in this convolution. 
Then the probability of p-''*" is proportional to 



l-f A cos 



M ■ 



-P 
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2m 2m 

(10) 

where A = e-'^^iM-nif(Ap"^f/8rn^h\ rpj^g visibility of 
the fringes in the distribution of p-^™ is, by definition, 
the difference between neighboring maxima and minima 
divided by their sum, so it equals A. Since the visibility is 
suppressed exponentially in d^{M — TO)^(Ap*")^/8TO^?i^, 
interference fringes are not visible for to ^ M . Indeed, 
m <^ M and Eq. © together imply that the scattering 
matrix is insensitive to P™, as Cohen- Tannoudji et al. 
assumed. But for m = M there is no suppression of 
visibility. 

Note that when probe particles of mass m scatter off 
two target particles of mass M, visibility is optimal f7| 
for m ^ Al; here visibility vanishes for m ^ M. This 
distinction underscores the novelty of our interference ef- 
fect. 

We can describe the interference effect more gener- 
ally as a transfer of orthogonality. Initially, the wave 
function of the target is \ipa) = + s^°'\fR)]/V2, 

with \(Pl) and \iPr) orthogonal. If the initial state of 
the probe is \ipin), the overall initial state is |5'm) = 
iV'm) ® W'-Pl) + e^°'\y^R)]/V2 and it evolves according to 
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some unitary operator U until the probe is detected in 
a final state \tpfin)- The probability to detect this final 
state is tr (p|'0/m)(V^/m|) where tr indicates the trace 
over the probe and target Hilbert spaces and 

P = C/|V'm) <^ [| Vl) + e'" [((^L I + e-'" <» {i^.n\U^ 

(11) 

is a density matrix. Now consider tT^{U\4>in) ® I^l) 
(v'jjI (S> (i^inlU^), where tr^^ indicates the trace over only 
the target Hilbert space. If this latter trace vanishes, 
then the probability of any final state |V'/m) of the probe 
cannot depend on a and there is no interference. But 
ta>(|i/'in) fXi (Xi (iptnl) vanishes because \ipl) and 

\iPr) are orthogonal. For interference, then, the super- 
posed states of the target must lose their orthogonality 
during the evolution U. The states U\4>in) ^ I'Pl) and 
U\ipin) ® IfR), however, remain orthogonal as U is uni- 
tary. Hence U must transfer the orthogonality of the 
target states to other states. In general, the orthogo- 
nal states U\tpin) (8) \(t>L} and U\tjjin) ^ \(t>R) are entangled 
states of the probe and target. But if they are product 
states, then U transfers orthogonality from the target to 
the probe. Our one-dimensional model illustrates this 
transfer. Fig. 1(a) depicts a probe approaching a target 
prepared in the initial state \(pa) of Eq. J^l, and Fig. 1(b) 
shows the particles after scattering. If m = M, the probe 
and target simply exchange states, as they do in classi- 
cal mechanics, so that orthogonality is transferred from 
target to probe. We may regard this exchange as an 
interferometric analogue of entanglement swapping. If 
m M the probe and target do not scatter to a product 
state, but partial transfer of orthogonality from target to 
probe still accounts for the partial visibility at m « M. 

Our general description sheds light also on scattering 
processes in which the target is not free, e.g. in a high 
barrier double well potential. Here, no transfer of or- 
thogonality is possible — and {ipn} cannot lose their 
orthogonality — hence no interference. This explanation 
complements the one in Schomerus et al. ruling out 
interference on the basis of energy considerations, when 
the probe has sufficient energy to excite the antisymmet- 
ric state of the target. 

In our second example, the probe moves in a plane con- 
taining the axis to which the target is confined. Hence 
it is scattered by a "double-slit interferometer" made of 
a single slit. The momentum of the probe has two com- 
ponents, Px and Py, where the axis of the target defines 
the X-axis. Energy and the a;-component of momentum 
are conserved, but not the y-component (since the tar- 
get is constrained). We begin with scattering of mo- 
mentum states of a probe and target. They scatter at 
y = 0, X = X. It is helpful to change variables. First, we 
rescale the position X of the target to z = X^J Mim and 
correspondingly the momentum (whether P™ or P^™) 
to = P^Jm/M . With this rescaling, an initial wave 
function with momenta , p™ , P™ can be written 



where r = (x,?/, z) and p = {px,Py,Pz)- It resembles the 
wave function of a single free particle scattering on the 
line defined by y — 0, x — z ^■mjM. Next we rotate 
through K = arctan \J rajM in the a;z-plane. 



X — X cos K — z sm K 

y_ ^ y , 

z — X sin K + z cos k, 



(13) 



and correspondingly 



Px = Px cos K. — pz sm K 
Py ~ Py I 

Pz — Px sin K Pz cos K 



(14) 



so that the scattering line coincides with the £-axis; the 
initial wave function still has the form of Eq. (|12|l but r, 
pin j-gpiacg j.^ p™_ The probe and the target interact at 
short range, hence the scattering is cylindrically symmet- 
ric; if the initial momentum is p™ then the probability 
distribution of p-^ '" is 



prob(p^™|p'") = —j-f ^ 



(15) 



where pp = [p^ + Py]^^'^- Transforming Eq. H15|) back to 
the original coordinates, we obtain 



prob(p^™,p^™, p/™|pr -P^"' = 

2 s{pf'" + pI'" - pi" ~ pr)5{p"' ~ Pi"") 



27rtan Ksa\K\px 



fin 



-Px 



(16) 



where P™ is the value of P™ obtained by solving the two 
constraints of energy and momentum conservation: 



pin _ }_ 
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777, TT^*"^ fr^in 



(17) 



Now suppose we prepare the target in the state \ipa) and 
the probe in a state \tpin) with fixed 6*™ and a spread 
Ap™ around p*". We obtain the probability distribu- 
tion prob(p^™,p^'") for the scattered probe by evolv- 
ing the overall state {ipin) '9 \^a) in time, projecting 
onto a final state |p^™,Py™) of the probe, and trac- 
ing |(p^™,Py™|J7|V'm) ® I'Pa)]'^ over the final momentum 
state |p/*") of the target. Expanding IV'mi) in momentum 
space, we note that since Eq. E|is quadratic in p™ there 
are at most two values of p™ consistent with the same set 
p|™, p^*" and pf^". Hence for Ap"' small enough to in- 
clude only one of the two, we can obtain prob(p^*",p^*") 
by summing probabilities, namely folding Eq. (|16fl with 
|(^a(P™)P and integrating over P-^™ [llj : 



prob(p^-,p/"^ 



,Ml/2(M + TO)l/'|(^a(Pr)|' 

27rm|p^™ — p™| 



^'i„(r,i) = e 



-i(p'")^t/2m?i 



(12) 



(18) 

which we fold with Eq. (|5J|. Here, as in the first example, 
the probe inherits the interference in the initial target 
wave function (^^(P™). 
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FIG. 2: Normalized angular distribution of scattered probe 
{Ap'" = 0) incident at 61'" = 45°, for relative phases a = 
and a — n and M/m = 0.5. Insets: Visibility as a function 
of M/m, and (for M/m = 0.5) as a function of Ap'" /p"\ 
at = 45°, Qf"^ =60° 0). Here we define visibility as 
[Po^ie^n - Po,+Aef'^)\/[Pc{efn + Pc.+.{ef'")\ maximized 
over a, where Pa{9^'") is the probability density for the probe 
to scatter in the direction 0^^" from the initial target state 
\ifia} of Eq. (EJ. 



If (pa{PT) changes more rapidly than the denomi- 
nator of Eq. (|18|l as a function of p™, we can esti- 
mate the visibihty of this interference by approximating 
|<^a(-Pr)P by 1 + cosiPl'^-d/h + a) as before. We ob- 
tain e-'''(3^.""/ap"")'(Ap"-)V2fi" as the visibihty for smaU 
Ap™. When dP^"/dp™ vanishes, the visibihty is not 
suppressed at aU, and the spread in the initial state of 
the probe is transferred to the final state of the tar- 
get. From dP^^/dp"^ = we obtain the condition 



jfin _ 



Mp^/mcos^"' (where P/™ = P, 



which we can interpret with the help of Fig. 1. Fig. 1(c) 
depicts the probe approaching the stationary target at 
an angle 0*", and Fig. 1(d) depicts the scattering. The 
target, initially at X = d/2 or at X = —d/2, scatters 
with momentum p/™. If the target was a,t X = —d/2, 
it reaches X — d/2 after a time Md/P^"\ while the 



probe wave packet requires a time md cos 0^"/p™ to reach 
X = d/2 if it crosses X = —d/2 without scattering. 
If these times coincide, then the scattered target states 
in the superposition coincide, and their orthogonality is 
transferred to the probe. The condition for this trans- 
fer of orthogonality is P^™ = Mp™/m cos 6'*". Since 
p/'" — Mp™ /m cos 9'^" is algebraically equivalent to 
9P™/9p™ — 0, the condition that visibility not be sup- 
pressed implies transfer of orthogonality, here just as in 
the one-dimensional model [lo|. 

A full experimental feasibility study will appear else- 
where [ll|. Let us, however, apply our second example 
to a typical experimental setting in which only the final 
direction of the probe is measured. We have numerically 
integrated p-''™prob(p^™,p^™) with respect to p-^^"- along 
lines of constant 9^™. In the numerical integration, we 
took (fLiX) and ipR{X) to have the form e-(^±''/2)V2'^' 
with w = A*"/5, d — and incident probe wavelength 
A"' = 0.5/im. (Double wells with ground state of size 0.1 
fim and separation 3.5 /xm are achievable with magnetic 
traps.) While integrating over p-''™ tends to average out 
some of the interference. Fig. 2 shows that the visibility 
is robust. The dependence of the scattering on the rela- 
tive phase a is very clear. The insets show how visibility 
depends on the mass ratio M/m and on Ap™/p™. For 
M/m > cos^ 9™ the visibility is suppressed, as we expect 
since M/m > cos^ 0™ is incompatible with the condition 
p/™ = Mp"/m cos 6*". 

In summary, we have shown how a distinctive new in- 
terferometry can yield the relative phase of superposed 
orthogonal location states of a free target. 
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In a longer calculation, we have generalized Eq. (1181 to tainties in momentum magnitude and direction, 

arbitrary initial probe states, including arbitrary uncer- 



